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Abstract 
The fabrication of high-precision panels for the compact antenna test range (CATR) with a sandwich construction of two alu-
minum skin-plates and one aluminum middle plate, which are bonded to two aluminum honeycomb core-layers poses a lot of 
tricky problems. Of them, the force analysis of individual skin-layers and the springback calculation of sandwich are of utmost 
importance. Under reasonable assumptions, by using Fourier expansion of stress function and power series expansion of deflec-
tion function, two boundary-value problems of skin-layer and sandwich, i.e. force analysis and springback calculation, are solved. 
An analytical solution of stress function in series form and an approximate solution of deflection function are obtained. Com-
pared with finite element method (FEM), the generalized double Fourier series method used in individual skin force analysis is 
superior in accuracy. Compared with experimental results, the weighted residual method used in springback calculation of sand-
wich-structured panel is acceptable from view of precision. Based on calculation results, processing parameters to panel fabrica-
tion are determined more efficient and accurate. 
Keywords: boundary-value problems; Fourier series; finite element method; numerical methods; weighted residual method 
1. Introduction1 
The force analysis of sheet metal forming often pro-
duces boundary-value problems where deflection 
should be decided under given loads and edge con-
strains or loads should be decided under given deflec-
tion and edge constrains[1-3]. To solve these problems, a 
system of high-order partial differential equations, 
whose closed-form solution could hardly be obtained 
unless the edge constrains are simple, must be often 
treated. Nowadays, three solution methods are gener-
ally suggested to deal with this system. The first is of 
analytic type including complex number method[4] and 
series method[5-12]. The second is of approximate type 
containing energy method[13] and weighted residual 
method[14]. The final is of numerical type comprising 
finite difference method[15] and finite element method 
(FEM)[16]. The numerical methods can be used in any 
complex case but are deficient in time consuming and 
inability to acquire relationships between variables 
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directly. The approximate methods are not applicable 
to the cases where high precision is demanded. As to 
semireverse methods of analytic type, Fourier series is 
widely used to expand the trial function because of its 
advantages like orthogonality, flexibility, and high 
precision. In this article, by taking into account the 
features of fabricating high-precision reflector panels, 
generalized double Fourier series is used as trial func-
tion of transverse load to solve the boundary-value 
problem in skin-layer force analysis, and power series 
is used as trial function of deflection to solve the 
boundary-value problem in sandwich springback cal-
culation. Compared with the numerical simulation, the 
methods adopted in this article have satisfied precision 
and higher efficiency in calculation. 
2. Description of Problem 
A high-precision reflector panel is the most critical 
component to develop high-performance compact an-
tenna test range (CATR) and antenna systems for both 
commercial and military applications. Harris Corpora-
tion in USA is the pioneer who produced high sur-
face-accuracy reflectors assembled from individually 
shaped sandwich-like panels. Recently, X. B. Zhou, et 
al.[17-19] have made new strides in the technique for 1000-9361© 2009 Elsevier Ltd. Open access under CC BY-NC-ND license.
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fabricating reflector panels. Now, panels up to 1 300 
mm wide by 2 450 mm long can be successfully manu-
factured with a surface-accuracy within 30 Pm (root 
mean square (rms)). The fabrication of panels symbol-
izes a very complex process based on both force analy-
sis of individual skins and springback calculation of 
sandwich structures. In order to carry out the force 
analysis, it is, first, necessary to introduce the manu-
facture procedure of a high-precision reflector panel, 
as shown in Fig.1. 
 
Fig.1  Fabrication of high-precision reflector panel. 
A forming pad plate is first placed over the adjust-
able nails to prevent the skin from dimpling. Then, 
three aluminum skin-plates, the front, the middle, the 
rear, and two honeycomb-layers are reposed on each 
other in a free manner, pressurized with a vacuum bag, 
bonded together, and finally made into a panel with a 
smooth surface. Although springback of the panel is 
unavoidable after removal of pressure, it can be pre-
dicted and compensated by the adjustment of nails in 
advance[13]. This technology enables a high surface- 
accuracy panel to be made out of three skin-layers of 
aluminum plate and two honeycomb core-layers, 
which are flexible and easily formable in free state 
before bonding, but become highly stiffened when 
bonded integrally. The technology is characterized by 
flexibility, repeatability, and ease to control. Moreover, 
it provides an assembled accuracy virtually independ-
ent of the size of reflectors. 
3. Boundary-value Problems 
3.1. Force analysis of front skin 
Reflectors possess parabolic-shaped surfaces with 
three skin-layers having an almost identical curvature. 
Thus, it is possible to assume one of them, for example 
the front skin, to be the representative to be analyzed. 
The analysis of a skin constitutes the basis for the re-
lease of stresses, forming pressure determination, and 
springback calculation of the panel. For simplicity, 
some assumptions should be made. 
(1) Complete conformity in surfaces between the 
front skin and the false skin (see Fig.1). This means 
there being a continuous close contact between the two 
skins. With this assumption, the deflection equation is 
determined because envelope equation of the nails die 
could be obtained by coordinate transform. 
(2) Rotational paraboloid simplicity in the shape of 
the front skin. Usually, the surface of the high-preci-
sion reflector panel is a part of the rotational parabol-
oid in the design coordinate system. However, it takes 
a very complex form as a general paraboloid in the 
fabrication coordinate system. For simplicity, the com-
plex form is replaced by a simple rotational parabolic 
described by  
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where f0 is the dome height, r0  the diagonal length of 
rectangular skin 2 2 20r a b  , a  half width of skin, 
and b  half length of skin. The surface error from this 
replacement can be omitted when r0 is big enough. 
(3) Absence of friction. In comparison with the nor-
mal contact force, the friction between the front skin 
and the false skin can be neglected because of smooth 
surfaces and well lubrication. 
With the above-mentioned assumptions and refer-
ence to Fig.1, the deformation of individual skin can 
be defined as a boundary-value problem to seek after 
an unknown transverse load for a rectangular sheet 
with four free edges and known deflection equation. 
Because in-plane dimensions and dome height are far 
bigger than thickness, the bend stress, compared with 
membrane stress, which is too little to be considered. 
The load on skin is mainly balanced by latter. So the 
plate can be treated as an absolute pliable one. For this, 
according to thin plate theory, the Von Karman equa-
tion can be given: 
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where p is the total pressure applied on the front skin, 
h the thickness of plates. 
Substituting Eq.(1) into Eq.(2), we can get 
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where F is the stress function, which must satisfy the 
following boundary conditions of four free edges,  
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Eq.(3) and Eq.(4) represent a system of sixth-order 
partial differential equations difficult to solve. This 
system corresponds to the boundary-value problem 
where the deflection euqation is known but the 
distribution form of out-plane load undetermined.  
3.2. Springback calculation of sandwich panel 
Individual aluminum skin-layers and aluminum hon-
eycomb core-layers will be finally bonded together to 
form a sandwich-structured panel, which is subjected 
to springback and warpage after removal of pressure. 
Because in-plane dimensions is far bigger than its 
thickness and deformation, according to the theory 
about small deflection of plate, the springback of 
sandwich panel can be calculated with the following 
equation, 
2 2
sand 3D w pc                 (5) 
where w' is deflection, Dsand the out-plane flexural ri-
gidity of panel. The coefficient of p equals –3 because 
honeycomb core-layers contribute nearly nothing to p. 
Fig.2 shows the cross section of the sandwich panel. 
 
Fig.2  Schemetic of cross section of a sandwich panel. 
Dsand can be calculated as follows: 
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where subscripts f and c represent “skin’s” and 
“core’s”, respectively, E the elastic modulus. Let 
c f/ 0E E o , and given f c/ 1h h  , Eq.(6) can be 
simplified into 
2
sand f f c2D E h h               (7) 
Eq.(5) and boundary conditions can be written into  
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where P is the poisson’s ratio of aluminum. 
This system coresponds to the boundary-value prob-
lem of sandwich-structured panels with four free edges, 
known distribution form of out-plane load and unde- 
termined deflection.  
4. Solution Methodology 
4.1. Generalized double Fourier series 
Any function of two variables, f (x, y), with a d  
x bd  and c y dd d can be represented by a Fourier 
expansion as follows: 
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where fmn (m = 1,2,3,; n = 1,2,3,) is a Fourier coef-
ficient, Xm(x) and Yn(y) belonging to orthogonal 
function system should satisfy the properties given 
below:  
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where 2iX  and 
2
jY  represent the norm of Xm(x) 
and Yn(y), respectively. 
4.2. Solution 
Using Fourier expansion to represent trial function 
provides a complete solution on any arbitrary combi-
nation of admissible boundary conditions with rela-
tive ease, hence, the stress trial function is defined as 
1 1
( , ) ( ) ( )uv u v
u v
F x y F X x Y y
f f
  
 ¦¦       (11) 
where Fuv is a Fourier coefficient ( u=1,2,3,; v=1,2,3, 
), Xu(x) and Yv(y) are eigen functions of beam and 
assume forms of Eq.(12), 
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where Du and Ev are roots of a transcendental equation 
expressed by 
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Table 1 lists the values of Du and Ev. 
Table 1 Roots of Eq.(8) 
m , n  1  2  3  4  m , n > 4  
Dm a  2.37 5.50 8.64 11.78 S(m–0.25) 
E n b  2.37 5.50 8.64 11.78 S(n–0.25) 
Substituting Eq.(12) into Eq.(10) yields the follow-
ing orthogonal relations:  
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It is easy to prove that the stress function Eq.(11) 
satisfies the boundary conditions in Eq.(4). Now, mak-
ing use of the second relation of Eq.(3), the Fourier 
coefficients in Eq.(11) can be determined. Next, let’s 
discuss the details of the method to acquire Fuv 
(u=1,2,3,; v=1,2,3, ). 
By inserting Eq.(11) into the second relation of 
Eq.(3), the Von Karman equation can be written into  
4 4
1 1
2
2 2 0
4
0
{( ) ( ) ( )
2 ( ) ( )} 4
uv u v u v
u v
u v u v
F X x Y y
fX x Y y E
r
D E
D E
f f
  
 
 
¦¦
      (15) 
where 
cosh( ) cos( )
( )
cosh( ) cos( )
cosh( ) cos( )
( )
cosh( ) cos( )
u u
u
u u
v v
v
v v
x xX x
a a
y y
Y y
b b
D D
D D
E E
E E
½  °°¾°  °¿
       (16) 
By multiplying both sides of Eq.(15) by Xi(x) and 
Yj(y), integrating at an interval of x and y respectively 
and considering Eq.(14) while i, j=1,2,3,, u, v=1,2,3, 
, a system of large scale linear equations can be de-
scribed by 
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Fuv is obtained by solving Eq.(17), then analytical 
solution of stress function F in series form is gained 
and its accuracy depends on the number items in Fou-
rier series. Next, p can be obtained by substituting F 
into the first expression in Eq.(3). 
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Membrane stresses are calculated too. 
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For the purpose of solving the system in Section 3.2, 
the trial function of springback takes a form of power 
series. Taking symmetry into account, assume the de-
flection function of sandwich-structured plate as fol-
lows: 
2 2 2
( 1) 11 0 2
n i
j i j
i iji j
w a x y    
c  ¦¦        (21) 
Defined as ( 1)
2
n n n  , the sum total of unknown 
coefficients to be sought out in Eq.(21) can be deter-
mined by using weighted residual method and sub- 
stituting Eq.(21) into Eq.(8). 
5. Verification and Application 
5.1. Verification 
In order to verify the proposed method, a panel fab-
rication of one domestic CATR is calculated and nu-
merically simulated. Let the half length of the panel a 
be 1 225 mm; the half width of the panel b 650 mm; 
the dome height f0 32.9 mm and the thickness of skins 
h 1.5 mm. The material of skins is YL12. Fig.3 shows 
the total pressure p calculated with the introduced 
method, where L and W are the length and width of the 
sandwich plate, respectively. From Fig.3, it can be 
observed that, supposing the coordinates in Fig.1 to be 
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the coordinates during manufacturing, the transverse 
pressure reaches the maximal negative value (–0.2×103 
Pa) in the center of the rectangular plate, whereas it 
reaches the maximal positive value (0.5×103 Pa) in the 
middle of four edges. From center to edges, the nega-
tive value becomes positive smoothly.  
Fig.4 plots the calculated and simulated results of 
stress contour. Fig.5 shows the section directions for 
Vx, Vy, and Wxy. Fig.6 shows the comparison between 
calculated and simulated membrane stresses in section 
directions as indicated in Fig.5. 
From Fig.3, it is understood that a pressure of 
0.5×103 Pa must be applied at least to make one 
skin-layer come in complete contact with the mold. 
Fig.4 exhibits a good agreement between calculated 
and simulated membrane stress distribution. Again, 
from Fig.6, it is clear that the disparities between cal-
culated and numerically simulated membrane stresses 
in all considered directions are quite tiny except for the 
stress Vy in y-direction and xy-direction. This discrep-
ancy in these two directions can be attributed to the 
assumption of complete conformity in the forms of the 
skin and the mold. 
The reliability of the method to calculate springback 
of sandwich-structured panels is verified through ex-
periments. The experiment includes two steps: panel 
fabrication and springback measurement. As the first 
step has been introduced in Section 5.2, only the sec- 
 
    (a) 3D view of die pressure 
 
      (b) Side view of die pressure 
Fig.3  Pressure distribution of a rectangle plate during press 
forming in vacuum. 
 
(a) Vx of calculated results 
 
(b) Vx of simulated results 
 
(c) Vy of calculated results 
 
(d) Vy of simulated results 
 
(e) Wxy of calculated results 
 
(f) Wxy of simulated results 
Fig.4  Comparison of numerically simulated and calculated 
stress results. 
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ond step will be briefly described. After getting the 
panel fixed as shown in Fig.7, a laser tracker was used 
to collect the contour data (x1, y1, z1). Let (x1, y1, z1) be 
the coordinate during manufacturing and (x1, y1, z2) the 
one that corresponds to the ideal position, then the 
springback of the sampled point is estimated with 
1 2z z z'   . Fig.8 plots the scattering of z' . 
 
(a) Section directions for Vx and Vy 
 
(b) Section directions for Wxy 
Fig.5  Section directions for Vx, Vy, and Wxy. 
 
 
Fig.9 shows the comparison between calculated and 
simulated results of panel springback in x-direction 
and y-direction (Fig.5). It demonstrates a very good 
agreement that is between the calculated results and 
the experimental data, which implies an acceptable 
accuracy that proposed method has. 
 
(a) Comparison between simulated and calculated Vx 
 
 
 
(b) Comparison between simulated and calculated Vy 
No.1 Hao Changling et al. / Chinese Journal of Aeronautics 22(2009) 97-104 · 103 · 
 
 
 
 
(c) Comparison between simulated and calculated Wxy 
Fig.6  Comparison between simulated and calculated 
stresses in selected directions. 
 
Fig.7  Panel contour data collected by laser tracker. 
 
Fig.8  Experimental results of springback distribution. 
 
 
Fig.9  Comparsion between calculated and experimental 
springback results. 
5.2. Application 
On the basis of above-mentioned discussions, three 
key process parameters are suggested: 
(1) Forming pressure. A pressure of 0.5×103 MPa 
must be applied at least to ensure one skin-layer to 
come into complete contact with the mold. As a result, 
three skin-layers and one false skin-layer need a pres-
sure of 2.0×103 MPa at least. 
(2) Determination of the position and the length of 
stress release slit. In Fig.4, obviously, the normal 
membrane stress reaches the maximal positive value in 
the center of rectangular plate, whereas it reaches 
maximal negative value in the middle of four edges. 
Taking account of the rigidity inherent in a sand-
wich-structured panel, the stress release slits in front 
skin should be located in the middle of four edges 
(pointed line in Fig.10), and in rear skin they should be 
in the center of rectangular plate (solid line in Fig.10), 
the tension stress zone. As for the middle skin, they 
should be arranged in both tension and compression 
stress zones (dotted line in Fig.10). 
(3) Compensation of springback.  
Given the definition 
spr
co
0
max
C
f
               (22) 
where Cco is the compensation coefficient of spring-
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back, maxspr the maximum springback which can be 
obtained from Fig.7, f0 the dome height. In the engi-
neering practices, co 0.09 / 32.9C   0.002 73. Making 
allowance for stress release, the value of Cco is finally 
taken to be 0.002 5. 
Using above-cited processing parameters, a panel  
2 400 mm by 1 300 mm with surface accuracy under 
30 Pm (rms) has been successfully fabricated.  
 
Fig.10  Stress release slit position based on in-plane stress 
calculation. 
6. Conclusions 
(1) The boundary-value problem of one rectangular 
plate with four free edges and a deflection surface 
equation already known can be solved successfully 
with the semireverse method, in which the trial func-
tion is represented by Fourier series expansion. The 
calculated results accords well with the numerically 
simulated ones. Moreover, the accuracy of calculated 
results can be enhanced by increasing the number of 
items in Fourier series. 
(2) The boundary-value problem of a rectangular 
sandwich-structured panel with four free edges and 
given load distribution can be settled successfully by 
using the semireverse method in which the trial func-
tion is defined as power series. The accuracy of the 
results proves acceptable. 
(3) The processing parameters proposed by this 
method to produce high surface-accuracy reflector 
panel are more efficient and accurate than those sug-
gested by FEM. 
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